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Abstract

In this paper, we develop a model to describe the generalized wave—particle instability in a quasi-neutral plasma.
We analyze the quasi-linear diffusion equation for particles by expressing an arbitrary unstable and resonant wave
mode as a Gaussian wave packet, allowing for an arbitrary direction of propagation with respect to the background
magnetic field. We show that the localized energy density of the Gaussian wave packet determines the velocity-
space range in which the dominant wave—particle instability and counteracting damping contributions are effective.
Moreover, we derive a relation describing the diffusive trajectories of resonant particles in velocity space under the
action of such an interplay between the wave—particle instability and damping. For the numerical computation of
our theoretical model, we develop a mathematical approach based on the Crank—Nicolson scheme to solve the full
quasi-linear diffusion equation. Our numerical analysis solves the time evolution of the velocity distribution
function under the action of a dominant wave—particle instability and counteracting damping and shows a good
agreement with our theoretical description. As an application, we use our model to study the oblique fast-
magnetosonic/whistler instability, which is proposed as a scattering mechanism for strahl electrons in the solar
wind. In addition, we numerically solve the full Fokker—Planck equation to compute the time evolution of the
electron-strahl distribution function under the action of Coulomb collisions with core electrons and protons after
the collisionless action of the oblique fast-magnetosonic/whistler instability.
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https://doi.org/10.3847/1538-4357 /abb099

CrossMark

A Quasi-linear Diffusion Model for Resonant Wave—Particle Instability in Homogeneous

Supporting material: animations

1. Introduction

Wave—particle resonances play an important role for the energy
exchange between particles and waves in many space and
astrophysical plasmas. For example, wave—particle resonances
contribute to the acceleration and deceleration of particles in
radiation belts (Ukhorskiy & Sitnov 2014), the deviation of the
particle velocity distribution function (VDF) from a Maxwellian
equilibrium in the solar wind (Marsch 2006), the thermodynamic
state of the intracluster medium in galaxy clusters (Roberg-Clark
et al. 2016), and the scattering and absorption of the surface
radiation in neutron-star magnetospheres (Lyutikov & Gavriil
2006). Therefore, it is of great importance to study the mechanics
of wave—particle resonances in order to advance our under-
standing of the physics of astrophysical plasmas throughout the
universe.

According to kinetic theory, wave—particle resonances can
occur in the form of Landau or cyclotron resonances, which
contribute to wave instability or wave damping depending on the
resonance’s characteristics. The quasi-linear theory of magnetized
plasma, first established by Yakimenko (1963) and Kennel &
Engelmann (1966), provides a mathematical framework to predict
the evolution of the particle VDF under the action of wave—
particle resonances. Quasi-linear theory assumes that the spatially
averaged VDF evolves slowly compared to the gyroperiod of the
particles and the wave period. It furthermore assumes that the
fluctuation amplitude is small and that the spatial average of the
fluctuations vanishes. Based on this theory, numerous analytical
studies have successfully explained the evolution of VDFs
resulting from wave—particle resonances.

Resonant particles diffuse along specific trajectories in
velocity space determined by the properties of the resonant

wave (Kennel & Engelmann 1966; Gendrin 1968, 1981;
Gendrin & Roux 1980; Stix 1992; Isenberg & Lee 1996;
Summers et al. 1998, 2001). In these models, quasi-linear
diffusion coefficients determine the diffusion rate of the
resonant particles (Lyons et al. 1971; Lyons 1974; Albert 2004;
Glauert & Horne 2005; Summers 2005; Isenberg & Vasquez
2011; Tang et al. 2020). Alternatively, quasi-linear diffusion
models based on a bi-Maxwellian VDF, in which only its
moments evolve in time, describe the effective evolution of
particle VDFs under the action of microinstabilities (Seough &
Yoon 2012; Yoon & Seough 2012; Yoon et al. 2015, 2017;
Yoon 2017). Moreover, fully nonlinear simulations based on
kinetic theory model the evolution of the particle VDF
consistently with predictions from quasi-linear theory (Vocks
& Mann 2003; Vocks et al. 2005; Gary et al. 2008; Saito et al.
2008, 2010; Saito & Peter Gary 2012). Observations from
Helios revealed signatures in the proton VDFs consistent with
ion cyclotron resonances as predicted by quasi-linear theory
(Marsch & Tu 2001; Tu & Marsch 2002; Heuer & Marsch
2007; Marsch & Bourouaine 2011).

Realistic analytical models must describe the diffusive trajectory
of resonant particles in velocity space, taking into account the
localized (in wavevector space) energy density of the waves that
resonate with these particles. These models must also account for
non-Maxwellian features in the VDF evolution in order to advance
our understanding of plasma observations and kinetic simulation
results. A rigorous numerical analysis of the diffusion equation,
including both the diagonal and off-diagonal diffusion terms, is
necessary to support the theoretical description through the
quantification of the diffusion rates.
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By analyzing the quasi-linear diffusion equation, we propose a
novel quasi-linear diffusion model for the time evolution of VDFs
under the action of a dominant wave—particle instability and
counteracting damping contributions in Section 2. Our model
describes the creation and evolution of non-Maxwellian features in
the particle VDF. We allow for an arbitrary type of the unstable
and resonant wave mode with an arbitrary direction of propagation
with respect to the background magnetic field. In our analysis, we
express the electric field of this wave as a Gaussian wave packet in
configuration space. The localization of such a wave packet in
configuration space is the direct consequence of its generation
through a linear instability, which is localized in wavevector space.

To investigate the stabilization of the VDF through quasi-
linear diffusion, we apply our analysis of the quasi-linear
diffusion equation to Boltzmann’s H theorem. In this scheme,
the localized energy density of the Gaussian wave packet in
wavevector space defines the velocity-space range in which the
dominant wave—particle instability and counteracting damping
contributions are effective. In addition, we derive a relation to
describe the diffusive trajectories of resonant particles in velocity
space under the action of such an instability and damping. In this
way, our model accounts for the diffusive behavior of resonant
particles in different regions of velocity space.

For the numerical evaluation of our theoretical description, we
develop a mathematical approach based on the Crank—Nicolson
scheme (for numerical details, see Appendix A) that solves the full
quasi-linear diffusion equation. Because of its reliable stability, the
Crank—Nicolson scheme has been used previously to solve
diffusion equations in a variety of fields (Khazanov et al. 2002;
Albert 2004; Briigmann et al. 2004; Yang et al. 2009; Klein &
Chandran 2016; Taran et al. 2019). However, most standard
Crank—Nicolson schemes ignore the off-diagonal terms in the
diffusion equation. In our case, these off-diagonal terms are
important for the description of resonant pitch-angle scattering.
We note that our mathematical approach is applicable to all
general two-dimensional diffusion equations, including those with
off-diagonal diffusion terms.

In Section 3, as an example, we apply our model to the
scattering of the electron strahl, which is a field-aligned
electron beam population in the solar wind (Pilipp et al. 1987;
Stverak et al. 2009). Observations in the solar wind suggest that
strahl electrons exchange energy with whistler waves, which
ultimately leads to a scattering of strahl electrons into the halo
population (Pagel et al. 2007; Lacombe et al. 2014; Graham
et al. 2017). Our quasi-linear framework confirms that an
instability of the fast-magnetosonic/whistler wave in oblique
propagation with respect to the background magnetic field
scatters the electron strahl into the electron halo, as predicted
by linear theory (Vasko et al. 2019; Verscharen et al. 2019).

In Section 4, for a more realistic model of the strahl evolution
after the collisionless action of the oblique fast-magnetosonic/
whistler instability, we numerically solve the full Fokker—Planck
equation for Coulomb collisions with our mathematical approach
(for numerical details, see Appendix B). We model the time
evolution of the electron-strahl VDF through the action of
Coulomb collisions with core electrons and protons. This
combined method allows us to compare the timescales for the
strahl scattering and collisional relaxation.

In Section 5, we discuss the results of our model for the
strahl scattering and electron-halo formation through the
instability and Coulomb collisions. In Section 6, we summarize
and conclude our treatment.
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2. Quasi-linear Diffusion Model

In this section, we establish our general theoretical frame-
work for the description of a resonant wave—particle instability
in quasi-linear theory. Because our work focuses on non-
relativistic space plasma like the solar wind, we ignore
relativistic effects throughout our study.

2.1. Analysis of the Quasi-linear Diffusion Equation

To investigate the time evolution of the particle VDF
through wave—particle resonances, we study the quasi-linear
diffusion equation, given by Stix (1992):

2
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The integer n determines the order of the resonance, where n = 0
corresponds to the Landau resonance and n = 0 corresponds to
cyclotron resonances. In our equations, we label contributions
from a given resonance order with a superscript n. The subscript j
indicates the particle species. The particle VDF of species j is
denoted as f; = f;(vi, v, 1), which is spatially averaged and
gyrotropic, g; and m; are the charge and mass of a particle of
species j, and v and v are the velocity coordinates perpendicular
and parallel with respect to the background magnetic field. We
choose the coordinate system in which the proton bulk velocity is
zero. We denote the nth-order Bessel function as J, (pj), where
p; = kivi /€Y. The cyclotron frequency of species j is defined as
= 4;Bo /mjc, B, is the background magnetic field, ¢ is the
speed of light, k; and k are the perpendicular and parallel
components of the wavevector k, and V is the volume in which
the wave amplitude is effective so that the wave and particles
undergo a significant interaction. We denote Dirac’s 6 function by
6 and the azimuthal angle of wavevector k by ¢. The frequency w
is a complex function of k, and we define wy as its real part
and v, as its imaginary part (w = wy + iy,). Without loss of
generality, we set wy > 0. Furthermore, we assume that
|| < wy, ie., the assumption of slow growth or damping that
is central to quasi-linear theory.

The spatially Fourier-transformed electric field has the form
of Ex = XE] + JE] + ZE{ and is defined as (Gumett &
Bhattacharjee 2017)

1

Ep=——
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where k-r=kxcos¢p + ki ysing + kjz and r is the
position vector. We take the constant background magnetic
field as By = ZBy and define the right- and left-circularly
polarized components of the electric field as E; =
(Ef —iE))/2 and Ef = (Ef + iE})/2. The longitudinal
component of the electric field is Ef.

Linear instabilities typically create fluctuations across a finite
range of wavevectors. The Fourier transformation of such a
wave packet in wavevector space corresponds to a wave packet
in configuration space. For the sake of simplicity, we model
this finite wave packet by assuming that the electric field E, of
the unstable and resonant waves has the shape of a gyrotropic
Gaussian wave packet,

2 2 2 .2 2 .2
010X" + 010y” + oz

E, = Epexp| — 5

exp [ikg - r], (5)

where Ey = RE§ + YEJ + ZE§, ko - r = kigxcos ¢ + kioy
sin¢ + kjoz, and K is the wavevector of the Gaussian wave
packet. We allow for an arbitrary angle 0, between kg and B,
which defines the orientation of the wavevector at maximum
growth of the wave, and assume that ko = 0. The vector E,
represents the peak amplitude of the electric field. The free
parameters 0 and oo characterize the width of the Gaussian
envelope. Quasi-linear theory requires that E, spatially
averages to zero. Therefore, we assume that |kjo| > oy so
that the spatial dimension of the Gaussian wave packet is large
compared to the parallel wavelength 27 /|k)q|.

The spatial Fourier transformation of Equation (5) according
to Equation (4) then leads to

ki — ko) ~ ko)
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O’HOULO 20’”0 Q’ULO

(6)

We identify V with the volume of the Gaussian envelope,
V=1 / (auoaf_o). Equation (6) describes the localization of the
wave energy density in wavevector space. For the instability
analysis through Equation (6), we define the unstable &k
spectrum as the finite wavevector range in which ~, > 0 and
argue that resonant waves exist only in this unstable &k
spectrum. We ignore any waves outside this k spectrum
because they are damped.

We define ko as the value of k| at the center of the unstable
k spectrum. We then obtain

ko= k”o tan 0. @)

In the case of linear plasma instability, we identify k o and ko
with the wavevector components at which the instability has its
maximum growth rate as a reasonable approximation. To
approximate the wave frequency of the unstable waves at the
angle 6, of maximum growth, we expand wy of the unstable
and resonant waves around ko as

wi (k) ~= wro + veo (k) — kjo), )

where

Voo = ——— . (9)
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In Equations (8) and (9), wiop and v, are the wave frequency
and parallel group velocity of the unstable and resonant waves,
evaluated at k| = kjo. We select the values of 0, o and oo as the
half widths of the perpendicular and parallel unstable k
spectrum. In the case of linear plasma instability, the numerical
values for kg, k|0, 00, 7]j0, Wro and Vg can be found from the
solutions of the hot-plasma dispersion relation, which thus
closes our set of equations.

By using Equations (6) and (8), we rewrite Equation (1) as

of; S .
( !] =y fG[kH][D;’G[kH]];]d%, (10)
QLD

o e
where
2.2
gV
Dl=— T sk — k)
J 2 200 llj
O'H()O'Lomj
97l (k= kjo)* (k. — kio)?
o XP|— 2 - 2 ’
[V — ol o oo
(1D
no 1 R io L _—i¢
7/1]'0 = f[Eo e Jn+l(pj) + Eye Jn—l(pj)]
v
+ V—”Eéfn(p,-), (12)
L
and
—k — 10,
kHr; = Wko joVe0 — 1 i (13)

V| — %0

We set Ef = (E§ — iE))/N2 and Ef = (E§ + iEJ) /N2 as
constant, evaluated at k.

Equation (10) is the quasi-linear diffusion equation describ-
ing the action of the dominant wave—particle instability and
coexisting damping contributions from other resonances in a
Gaussian wave packet. We define the n resonance as the
contribution to the summation in Equation (10) with only
integer n. We note that any n resonance can contribute to wave
instability or to wave damping depending on the resonance’s
characteristics.

2.2. Stabilization through a Resonant Wave—Particle Instability

We define stabilization as the process that creates the
condition in which (8fj /8I)QLD — 0 for all v, and v). For our
analysis of the stabilization of a VDF through a resonant
wave—particle instability, including coexisting damping effects,
we use Boltzmann’s H theorem, in which the quantity H is
defined as

H®O = [£,0,0Inf,0, 0dY. (14)

By using Equation (10), the time derivative of H is given by

‘;_i’: > [ [ang, + DGwID} Gkl 1d k. (15)

n—=—0o0
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The integrand in Equation (15) is equivalent to
(Inf; + DGkIID} GlkIf;]
= GIk)D} GlkI(f; Inf)] — DYIGIKf B Jf. (16)

Upon substituting Equation (16) into Equation (15), the first
term on the right-hand side in Equation (16) disappears after
the integration over v. Then, by resolving the ¢ function in D}
through the k|| integral, we obtain
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The function 5” in Equation (19) plays the role of a

diffusion coefficient for the n resonance. In D , the v function
Wi defined in Equatlon (20) serves as a W1nd0W function that
determmes the region in v space in which the quasi-linear
diffusion through the n resonance is effective. The window
function W} is maximum at Vires defined in Equation (21),
which is the parallel velocity of the particles that resonate with
the waves at k| = kjo through the n resonance. Our window
function W7 is linked to Dirac’s ¢ function in the limit

lim W}~ «J_

Vifres™ V0 |kH

lé(vH — V0), (24)

where |kjo| > o). Through this ordering between |ko| and oo,
we assume that W7 restricts a finite region in v space and that
the W} for dlfferent resonances do not overlap with each other
in v space.

Only particles distributed within W experience the n
resonance and contribute to the quasi-linear diffusion, which
is ultimately responsible for the stabilization. Because all terms
in Equation (18) are positive semidefinite, all resonances
independently stabilize f; through quasi-linear diffusion in the
v range defined by their respective W}, according to
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Equation (17). Therefore, H decreases and dH /dt tends toward
zero during the quasi-linear diffusion through all resonances
while f; is in the process of stabilization. When f; reaches a state
of full stabilization through all n resonances, the instability has
saturated and its growth ends.

The v) function k””j defined in Equation (13) is the resonant
parallel wavenumber, fulfilling the condition that k; = kjo at
V| = V|[res- It quantifies the k component of the unstable k
spectrum in the v range defined by W}. Equation (23) defines
the phase velocity at k5, which is only constant when
ve0 = Wro /kjo, in which case vy, = v, for all v. We discuss
the diffusion operator GA[kH”j] in Equation (22) in the next
section.

2.3. Nature of Quasi-linear Diffusion in Velocity Space

According to Equation (18), unless the wave amplitude is
zero, the condition for achieving stabilization through the n
resonance is

Glk[SF (v, v = 0, (25)

where F?(VL, v) represents the stabilized VDF of species j

through the n resonance. In Equation (25), G [kH’}] is a
directional derivative along the isocontour of I} evaluated at

a given velocity position. Considering the role of W}, GA[kH”j]
describes only the diffusion of resonant particles within W}
along the isocontour of [F}. Consequently, the particles
experiencing the n resonance diffuse toward the stable state
so that (dH /dt)" — 0, while the isocontours of F; describe the
diffusive velocity-space trajectories for the n resonance.

To find such a trajectory, we express an infinitesimal
variation of [’ along an isocontour as
OF’; OF’;

—dv, + —de =0. (26)
V) v Y|

dIF;? =
Equations (22) and (26) allow us to rewrite Equation (25) as
n€Y — wio + kjoveo

vidv, + l ](v — vg0)dv = 0. 27)

By integrating Equation (27), the diffusive trajectory for the n
resonance is then given by

2 Y
vy +
an — Wo + kH()vgo

](V| — g0)* = const. (28)

Kennel & Engelmann (1966) treat the two limiting cases in
which v,0 = wyo/kjo and v,p = 0. Using their assumptions, our
Equation (28) is equivalent to their Equation (4.8) if
Vg0 = wio/kjo, and our Equation (28) is equivalent to their
Equation (4.11) if v, = 0. Depending on the dispersion
properties of the resonant waves, Equation (28) is either an
elliptic or a hyperbolic equation when n = 0. In the case of
electron resonances, it is safe to assume that
n€);

: =20 (29)
an — Wko + kHovgo

in Equation (28) if v < (wko + nlS2%) /kjo for all positive n
and vyo > (wko + 1l€2|) /Ko for all negative n. However, in the
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Figure 1. The diffusive flux of resonant particles in velocity space under the
action of two arbitrary (n; and n,) resonances. The dark shaded areas represent
isocontours of the VDFs of two particle populations. The red and dark-blue
solid curves show the diffusive trajectories, Equation (28) with n = n; and
n=ny. W' and W;? represent the window functions according to
Equation (20), in which the n; and n, resonances are effective. The light-
blue dashed semicircles correspond to constant-energy contours. The black
solid line indicates v = vyo.

case of proton resonances, resonant waves are more likely to
violate Equation (29) because €2, < [€2,].

Figure 1 illustrates the diffusive flux of particles experien-
cing two arbitrary resonances: the n; and n, resonances for an
unstable wave. The dark shaded areas represent isocontours of
the VDFs of two particle populations in velocity space. The red
and dark-blue solid curves represent the diffusive trajectories
according to Equation (28) with n = n; and n = n,, assuming
that the resonant wave fulfills Equation (29). The window
functions W and W} describe the v| ranges in which the n;
and n, resonances are effective. The light-blue dashed
semicircles correspond to contours of constant kinetic energy
in the proton rest frame, for which

vf + VHZ = const. (30)

In general, the diffusive flux is always directed from higher to
lower phase-space densities during the process of stabilization.
At point A, resonant particles in W}" diffuse along the red solid
curve toward smaller v. Considering the relative alignment
between the diffusive flux and the constant-energy contour at
point A, the diffusing particles lose kinetic energy. This energy
is transferred to the resonant wave, which consequently grows in
amplitude. Therefore, this situation corresponds to an instability
of the resonant wave. At point B, particles do not diffuse along
the red solid curve because this point lies outside W}".

At point C, resonant particles in W} diffuse along the dark-
blue solid curve toward greater v. Considering the relative
alignment between the diffusive flux and the constant-energy
contour at point C, the diffusing particles gain kinetic energy. This
energy is taken from the resonant wave, which consequently
shrinks in amplitude. Therefore, this situation corresponds to the
damping of the resonant wave and counteracts the driving of the
instability through the n; resonance. Because the resonant wave is
unstable, the 7, resonant instability must overcome the counter-
acting n, resonant damping.

According to Equation (18), there are three factors that
determine the diffusion rate for the action of an n resonance.
The first factor is the particle density f; within W}. The second
factor is 5;1, whose magnitude is determined by the
polarization properties of the resonant waves. The third factor
is the quantity G [k 51f; / 'f., which defines the relative alignment
between the isocontours of f; and the diffusive flux along the
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diffusion trajectory within W}. In Figure 1, the magnitude of

|CA?[kH”j!]]3 /fj| at point A is greater than the magnitude of

|G [k/1f; /fj| at point C.

Because the diffusive flux is directed from higher to lower
values of fj, the quantity (A}[kH"j] f; / f; resolves the ambiguity in
the directions of the trajectories for resonant particles. A careful
analysis of GA[kH”j] using Equation (29) shows that, if

(K / |kH|)(é [k[’] f / f;) > 0 at a given resonant velocity, reso-
nant particles diffuse toward a smaller value of v along the
diffusive trajectory, while if (k;/Ik)(G[k[})f; /f) <O at a
given resonant velocity, resonant particles diffuse toward a
greater value of v

2.4. Numerical Analysis of the Quasi-linear Diffusion Equation

To simulate the VDF evolution and to compare the diffusion
rates between resonances quantitatively, a rigorous numerical
analysis of Equation (10) is necessary. For this purpose, we
develop a mathematical approach based on the Crank—Nicolson
scheme and present the mathematical details in Appendix A.
Our approach is applicable to all two-dimensional diffusion
equations with off-diagonal diffusion terms. Our numerical
solution, given by Equation (A28), evolves the VDF under the
action of multiple resonances in one time step. We tested our
numerical solution by showing that the diffusive flux obeys the
predicted diffusion properties discussed in Section 2.3.

3. Fast-magnetosonic/Whistler Wave and Electron-strahl
Scattering

As an example, we apply our model developed in Section 2
to an electron resonant instability in the solar wind. The fast-
magnetosonic/whistler (FM /W) wave propagating in the anti-
sunward direction and with an angle of ~60° with respect to
the background magnetic field scatters the electron strahl
(Vasko et al. 2019; Verscharen et al. 2019). Because this
prediction is based on linear theory, our quasi-linear framework
is appropriate for demonstrating the action of this instability on
the electron strahl.

3.1. Linear Dispersion Relation

To find the characteristics of the unstable oblique FM/W
wave, we numerically solve the hot-plasma dispersion relation
with the NHDS code (Verscharen & Chandran 2018). We use
the same plasma parameters as Verscharen et al. (2019), which
are, notwithstanding the wide range of natural variation,
representative for the average electron parameters in the solar
wind (Wilson et al. 2019). We assume that the initial plasma
consists of isotropic Maxwellian protons, core electrons, and
strahl electrons. The subscripts p, e, ¢, and s indicate protons,
electrons, electron core, and electron strahl, respectively.

We choose our coordinate system so that the anti-sunward
and obliquely propagating FM/W waves have k| > 0. We set
Be= B, =1 and G, = 0.174, where 3; = (87rnjkBTj)/BO2, n;
and 7 are the density and temperature of species j, and kg is the
Boltzmann constant. We set n,, = n,, n. = 0.92n,, n;, = 0.08n,),
T.=T, and T; = 2T, In the proton rest frame, we set
n.U. + ngU; = 0. We initialize the core and strahl bulk
velocity with U./w, = —0.22 and U;/v4, = 2.52, where
Vae = By / Jamn.m, is the electron Alfvén speed. NHDS finds
that, under these plasma parameters, -, > 0 at angles between
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Figure 2. NHDS solutions provide -, (dashed curves, axis on the left) and wy
(solid curves, axis on the right) as functions of the k component of the
wavevector k. We show solutions for 8y = 51°, 6, = 55°, and 6y = 59°.

6y = 51° and 6y = 67°. Our strahl bulk velocity then provides
a maximum growth rate of v, / |Q.| = 1073 (Verscharen et al.
2019).

Figure 2 shows -, and wy as functions of the k; component
of the wavevector k for three different 6. The oblique FM/W
instability has its maximum growth rate at 6, = 55°, while
Y% >0 for 0.21 S kpae/IS%] < 0.28, which is the parallel
unstable k spectrum. As defined in Section 2.1, we acquire
kjjovae/I€2| ~= 0.245. This value with Equations (7)—~(9) leads
to kJ_OvAe/|Qe| = 035, wk0/|Qe| ~ 007, and Vgo/VAg ~ 0.86.
We also acquire o|ovs. /|S2] ~ 0.035 and o gvs./|€2| ~ 0.05
from the unstable k spectrum.

3.2. Theoretical Description of the Quasi-linear Diffusion in
the FM/W Instability

Using the wave and plasma parameters from the previous
section, we describe the electron strahl and core diffusion in
velocity space. In our analysis, we only consider the n = +1,
—1, and O resonances, ignoring higher-n resonances due to
their negligible contributions.

Upon substituting our wave parameters into Equation (20), we
quantify the dimensionless window functions W)v,, with
n = +1, —1, and 0. In Figure 3, the red, dark-blue and orange
lines represent levAe, We’lvAe and Weo Vae, Which are maximum
at vtk fvae = 437, v /vae = —3.8 and v, /vse = 0.29,
respectively. We reiterate that the superscripts indicate the n
resonance. The black line indicates v = v,o. Each W,;v,, shows
the v range in which the quasi-linear diffusion through each
resonance is effective. We note that the W,'vy, for the three
resonances have different widths in v space and maximum
values due to the different magnitudes of |v”’;eS — Vol (see
Equation (24)). By substituting our wave parameters into
Equation (28), the diffusive trajectories for the n = +1, —1,
and O resonances are given by

(v /vae)* + 1.16(v)/va. — 0.86)*> = const, 31
(vi/vae)* + 0.88(v|/vac — 0.86)> = const, (32)

and
(VL /vae)? = const. (33)
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Figure 3. The red, dark-blue, and orange curves illustrate W: 1 Vaes W, ! Ve, and
Weo Vs, for the oblique FM/W wave. The black solid line represents V| = Y%o0-
Each W;'vs, shows the v range in which the corresponding resonance is
effective. Each W', has a different width in v space and maximum value due
to a different magnitude of |v|io; — Vol (see Equation (24)).

v
) J‘A/Ov w1l
e “Ae 5e--Je e Vae

i |
-6 -5 -4 -3 -2-1 0 1 2 3 4 5 6
vll/ Vae
Figure 4. The red, dark-blue, and orange arrows illustrate the diffusive flux for
the n = +1, —1, and O resonances in the oblique FM/W instability. The red
and dark-blue filled semicircles represent isocontours of the strahl and core
VDF. This figure does not reflect the relative densities of both electron species.

The light-blue dashed semicircles correspond to constant-energy contours. The
black solid line indicates v = .

Equations (31) and (32) describe ellipses with their axes
oriented along the v, and v directions. In Equation (33), the
perpendicular velocity of resonant particles is constant.
Figure 4 illustrates the electron diffusion from these three
resonances. We show the v ranges in which the three
resonances are effective according to W, vy, W, 'y, and
W, from Figure 3. The red, dark-blue, and orange solid
curves represent the contours given by Equations (31)—(33),
respectively. The light-blue dashed semicircles correspond to
constant-energy contours in the proton rest frame (see
Equation (30)). The black line indicates v| = 1v,0. For the
initial strahl and core VDF, we apply the plasma parameters in
Section 3.1 to the dimensionless Maxwellian distribution:

nVie 0= U
2,4 Vi ’
where vy, ; = /2kgT;/m;. The red and blue areas in Figure 4
represent £ and /~/, which are normalized by the maximum value
of £ and plotted up to a value of 10™°. In this normalization,

(34)

=



THE ASTROPHYSICAL JOURNAL, 902:128 (15pp), 2020 October 20

Figure 4 does not reflect the relative density ratio between both
electron species.

Due to the v profile of W,'!, the n = +1 resonance has a
significant effect on fs"’ . As discussed in Section 2.3, because
(kH/|kH|)(GA[k“]fYM /fSM) > (0, this resonance leads to a

lle
diffusion of the resonant strahl electrons in W,™! along
trajectories represented by the red arrows. According to
Equation (30), the phase-space trajectory of particles that
diffuse without a change in kinetic energy is described by

dv. il
=1 =--L 35
[dv|]E v (33)

According to Equation (31), the phase-space trajectory of
resonant particles fulfilling the n = +1 resonance, indicated by
the superscript 41, is described by

+1
(ﬂ] _ _1.16m(1 _ 0.86). (36)

dv| v \ Vae

Comparing Equations (35) and (36) in W, I shows that
| (dv, /de)“l < |(dvy /dv))g| for the resonant electrons. There-
fore, resolving the ambiguity in the directions of the
trajectories, the distance of resonant strahl electrons from the
origin of the coordinate system decreases. This decrease in
vi+ VH2 represents a loss of kinetic energy of the resonant
strahl electrons. The n = +1 resonance, therefore, contributes
to the driving of the FM/W instability.

Due to the v profile of W, !, the n = —1 resonance has a
significant effect onf‘y. Because (k”/lkHI)(G [kH’el]fCM /fCM) <0,
this resonance leads to a diffusion of the resonant core electrons
in W, ! along trajectories represented by the dark-blue arrows.
According to Equation (32), the phase-space trajectory of

resonant particles fulfilling the n = —1 resonance, indicated by
the superscript —1, is described by
—1
LA _o,ssﬁ(v— - 0.86). (37)
de VI \ Ve

Comparing Equations (35) and (37) in We_1 shows that
[(dv. /de)*ll > |(dv. /dv))g| for the resonant electrons. There-
fore, resolving the ambiguity in the directions of the
trajectories, the distance of resonant core electrons from the
origin of the coordinate system increases. This increase in
v+ VHZ represents a gain of kinetic energy of the resonant core
electrons. The n = —1 resonance, therefore, counteracts the
FM/W instability through the n = +1 resonance.

Due to the v profile of Wg, the n = 0 resonance has a
significant effect on electrons in the v range in which f, M S M
and 9fM /dv| < 0. Because (k| /Ik)(G k1M /fM) < 0, the
resonant electrons in WY diffuse along trajectories represented by
the yellow arrows. Because the distance of these electrons from
the origin of the coordinate system increases, these resonant
electrons diffuse toward greater kinetic energies. This diffusion
removes energy from the resonant FM/W waves and thus
counteracts the driving of the FM/W instability through the
n = +1 resonance.

Figure 4 only illustrates the nature of the quasi-linear
diffusion through the n = 41, —1, and 0 resonances in velocity
space. It does not give any information regarding the relative
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strengths of the diffusion rates between the three resonances.
Because the FM/W wave is unstable according to linear
theory, the n = +1 resonant instability must dominate over any
counteracting contributions from the n = —1 and 0 resonances.

3.3. Numerical Description of the Quasi-linear Diffusion in the
FM/W Instability

We use our numerical procedure from Equation (A28) to
simulate the quasi-linear diffusion through the n = +1, —1, and 0
resonances, predicted in Section 3.2. According to the definitions
in Appendix A, we select the discretization parameters N, = 60
Vi max /VAe = V| max /Vae = 7, and [€%,|At = 1. For the computa-
tion of Equation (A28), we use the same parameters of resonant
FM/W waves as those presented in Section 3.1 and quantify B:El
and 560 in Equation (19).

In 5: for each resonance, we only consider the J, term in ’]’-0,
ignoring higher-order Bessel functions due to their small
contributions. Our NHDS solutions show that |Ej| ~ 0.39|E(]
and |E§| =~ 0.28|Eg| in the unstable k spectrum. Then, we
set |EF| ~ |Ef| ~ 0.76|E§|. Faraday’s law yields Eg ~
[wio/(kjoc)1 By when ignoring the small contributions from any
Ej terms. This allows us to express E through By in 1), where
BY represents the peak amplitude of the wave magnetic-field
fluctuations. For simplicity, we assume that B is constant in time
during the quasi-linear diffusion. Under these assumptions, we
acquire

e

2
5 4 el 0.5872|Q, [2v? By wio
Bo kjo

2
100 10

fo'e) _ 2
< [ Jo(pe)zexp[—w]@d@ (38)
0

010

and

~

e

2 2.2 ) 2
50 W£0.167r |2y [B_gﬂ]

2
01100 10 By kjjo

= ki — kio)?
xf Jo(p,)? exp —% ki dky, (39)
0 019

where the relative amplitude Bj /B is a free parameter, and we
set Bj' /By = 0.001. Then, we apply Equations (38) and (39) to
Equation (A28).

We initialize our numerical computation with the same /2
and /¥ as defined in Section 3.2. Figure 5(a) represents the
normalized f, :fCM + fSM , plotted up to a value of 107>,
Figure 5(b) shows f, evolved through the n = +1, —1, and 0
resonances, resulting from our iterative calculation of
Equation (A28). Considering the maximum value of the
instability’s growth rate, ~, /|| = 4.8 x 10~* in Figure 2,
we terminate the evaluation of our numerical computation at
]t = 5 x 102, which corresponds to Yt~ 1 and thus a
reasonable total growth of the unstable FM/W waves.

The strahl electrons at around v)/vs, ~ 4.4 diffuse through
the n = 41 resonance, as theoretically predicted in Figure 4.
This diffusion increases the pitch angle of the resonant strahl
electrons and generates a strong pitch-angle gradient at
V| /vae =~ 3.8. During this process, the v of the scattered strahl
electrons increases while their v decreases.
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Figure 5. (a) The initial electron VDF; (b) the electron VDF evolved through
the n = +1, —1, and O resonances. Compared to Figure 4, the effect of the
n = +1 resonance dominates the evolution during the time ¢ ~ 1. It causes a
significant pitch-angle gradient at v /v, ~ 3.8 through the scattering of strahl
electrons. An animation of this figure is available. The animation shows the
time evolution of the distribution function from ||t = 0 to [Q,|t = 5 x 102
During this evolution, the strahl scattering toward larger v, is visible.

(An animation of this figure is available.)

Because the longitudinal component of the electric-field
fluctuations is weaker than their transverse components, the
diffusion through the n = 0 resonance is only slightly notice-
able over the modeled time interval. The diffusion through the

. . ~—1 ~+1
n = —1 resonance is not noticeable even though D, and D,
have similar magnitudes. This is because IGA[kH’ellfe / f.lin W, !

is much smaller than |GA[kHnglfe / £l in W', as discussed in

Section 2.3, and the number of core electrons in W, lig very
small (see Figures 4 and 5).

4. The Secondary Effect of Coulomb Collisions

Because the collisionless action of resonant wave—particle
instabilities often forms strong pitch-angle gradients (see, for
example, Figure 5), collisions can be enhanced in the plasma.
Therefore, a more realistic evolution of the total electron VDF
must account for the action of Coulomb collisions of strahl
electrons with core electrons and protons. For this purpose, we
adopt the Fokker—Planck equation given by Ljepojevic et al.
(1990) with Rosenbluth potentials (Rosenbluth et al. 1957) and
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normalize it in our dimensionless system of units as

o, .
= =S"Ty1d47—Lf, f,
[8t )Fokker ; ]b{ mefl‘jfj
—Planck
of. 2 O>f.
on % L 0% 9% | (40)
ove Ove 2 OvedvP vedvP
where
00 = [0 —viay, @41
hoy =2 "M f LD — v dW, 42)
my,
and

2\2
4rny, | ZiZv4;

3
VAE|Q€| m}

ll’lAjb. (43)

The subscript b indicates the species of background particles,
with which the particles of species j Coulomb-collide. The
quantity In Aj is the Coulomb logarithm and typically
In Aj, /= 25 in space plasmas. The parameters Z; and Z, are
the atomic masses of a particle of species j and b. The
superscripts « and 3 indicate the component of the velocity in
cylindrical coordinates and the summation convention holds.

We assume that the timescale of Coulomb collisions is much
longer than the timescale of the quasi-linear diffusion in the
solar wind under our set of parameters. This assumption allows
us to model the resonant wave—particle instability first and to
use the resulting VDF as the input for the model of the
subsequent, secondary effects of the collisions.

Based on our mathematical approach presented in
Appendix A, we present our numerical scheme to solve the
Fokker—Planck equation, Equation (40), in Appendix B. We
tested our numerical solutions, Equation (B2), by showing that
a set of arbitrary test VDFs diffuses toward f;, with time.

For the computation of Equation (B2), we set isotropic
Maxwellian electron-core and proton VDFs as background
species, f, = f. Mand f, = f Iﬁ” , for which we apply the plasma
parameters presented in Section 3.1 to Equation (34). In this
numerical computation, we select the discretization parameters
N, = 60, Vi max /Vae = V| max /Vae = 7, and || At = 10. More-
over, we set By=5x10*G and n,=10>cm™ in
Equation (43), which are representative for the conditions in
the solar wind at a distance of 0.3 au from the Sun. We
initialize f; with the electron-strahl VDF f; from our quasi-linear
analysis of the oblique FM/W instability at time
]t =5 x 102 In this setup, our initial electron VDF for
the Coulomb collision analysis is the same as the electron VDF
shown in Figure 5(b).

The iterative calculation of Equation (B2) results in the time
evolution of the electron-strahl VDF under the action of
Coulomb collisions with core electrons and protons. The result
of this computation at the time ||t = 7 x 107 is shown in
Figure 6. A detailed comparison of the distribution function
before (Figure 6(a)) and after (Figure 6(b)) our calculation of
the effect of Coulomb collisions reveals that Coulomb
collisions relax the strong pitch-angle gradient at
V| /vae = 3.8, which resulted from the action of the oblique
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Figure 6. (a) The electron VDF as initial condition for our collision analysis;
(b) the electron VDF evolved through Coulomb collisions of strahl electrons
with core electrons and protons. The strong pitch-angle gradient at v /vs, ~ 3.8
(shown in Figures 6(a) and 5(b)) is relaxed through Coulomb collisions.
However, the required time for a noticeable collisional effect on that gradient is
around 10° times longer than the timescale of the strahl scattering. An
animation of this figure is available. The animation shows the time evolution of
the distribution function from ||t = 5 x 102 to ||t = 7 x 107. During this
evolution, the collisional smoothing of the pitch-angle gradients is visible.

(An animation of this figure is available.)

FM/W instability. However, the Coulomb collisions are only
capable of affecting strong pitch-angle gradients in the
modified electron VDF under our plasma parameters. In
addition, the required time for a noticeable collisional effect
on this pitch-angle gradient is of order 10° times longer than
the characteristic timescale of the quasi-linear diffusion.

5. Discussion of the Strahl Scattering

The numerical computation of Equation (17) shows that dH/
dt is negative and asymptotically tends toward zero as the
electron VDF evolves through the oblique FM /W instability and
the counteracting damping effects until the time
2]t = 5 x 102, which is presented in Figure 5. Therefore,
our quasi-linear diffusion model reflects the stabilization of the
particle VDF through the participating wave—particle resonances.

During the action of the oblique FM/W instability, the
scattered strahl electrons reduce their collimation along the B,
direction and become more isotropic. Even though this
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instability does not cause significant strahl scattering, we argue
that it contributes to the initial formation of the halo population.
However, other mechanisms must be considered to account for
the full strahl scattering, in agreement with observations
(Gurgiolo et al. 2012; Gurgiolo & Goldstein 2016).

Alternative models describing Coulomb-collisional effects
on the strahl VDF suggest that an anomalous-diffusion process
must be considered in order to achieve an agreement with
observations (Lemons & Feldman 1983; Horaites et al.
2018, 2019). We note that our analysis includes the subsequent
action of Coulomb collisions after the action of collisionless
wave—particle resonances assuming plasma parameters consis-
tent with the solar wind at a distance of about 0.3 au from the
Sun. Our collisional effects are similar to those proposed by
Vocks et al. (2005). However, our model predicts that the
collisional relaxation is so subtle that the strahl scattering
through collisions is barely noticeable for the analyzed phase of
the VDF evolution.

The clear separation of timescales between wave—particle
effects and Coulomb-collisional effects complicates the
description of the VDF evolution on heliospheric scales,
because other processes act on comparable timescales. These
additional processes, which our analysis ignores, include
turbulence, shocks, plasma mixing, plasma expansion, and
magnetic focusing (Feldman et al. 1983; Fitzenreiter et al.
2003; Ryu et al. 2007; Yoon et al. 2012; Tang et al. 2020). A
complete model for the radial evolution of the VDF must
quantify and account for these processes as well. In the context
of our work, these processes can potentially push a VDF that
has undergone stabilization as shown in Figure 5(b) into the
unstable regime again. In this case, dH/dt in Equation (17)
returns to a nonzero value, which signifies a new onset of
wave—particle resonances and further scattering of resonant
particles.

6. Conclusions

Wave—particle resonances are important plasma-physics
processes in many astrophysical plasmas. Often, fully nonlinear
simulations with codes solving the equations of kinetic plasma
theory are used to model the evolution of the distribution
function under the action of wave—particle resonances.
However, quasi-linear theory augments this approach as it
allows us to study the contributions of different processes to
these resonances. Therefore, quasi-linear theory is a very
helpful tool to improve our understanding of wave—particle
resonances in astrophysical plasmas.

We propose a quasi-linear diffusion model for any general-
ized wave—particle instability. We analyze the quasi-linear
diffusion equation by expressing the electric field of an
arbitrary unstable and resonant wave mode as a Gaussian
wave packet. From Boltzmann’s H theorem in our quasi-linear
analysis, we define a window function that determines the
specific velocity-space range in which a dominant wave—
particle instability and counteracting damping contributions are
effective. This window function is the consequence of the
localized energy density of our Gaussian wave packet both in
configuration space and in wavevector space.

Moreover, we derive a relation describing the diffusive
trajectories of the resonant particles for such an instability in
velocity space. These trajectories evolve the particle VDF into
a stable state in which no further quasi-linear diffusion occurs.
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Therefore, our theoretical model illustrates the diffusion and
stabilization which resonant particles, depending on their
location in velocity space, experience in wave—particle
resonances.

For the computational quantification of our theoretical
model, we introduce a mathematical approach based on the
Crank—Nicolson scheme to numerically solve the full quasi-
linear diffusion equation. We highlight that this mathematical
approach applies to all general two-dimensional diffusion
equations, including those with off-diagonal diffusion terms.

As an example, we apply our model to the oblique FM/W
instability that scatters strahl electrons in the solar wind. Our
model shows that the n = +1 resonant instability of FM/W
waves propagating with an angle of ~55° with respect to the
background magnetic field scatters strahl electrons toward
larger v, and smaller vj. The strahl scattering instability
through the n = 41 resonance dominates over the counter-
acting damping contributions through the n = —1 and n = 0
resonances. This instability creates a strong pitch-angle
gradient in the electron-strahl VDF.

By numerically solving the Fokker—Planck equation, we
show that Coulomb collisions of strahl electrons with core
electrons and protons relax this strong pitch-angle gradient on a
timescale about 10° times longer than the timescale of the
collisionless strahl scattering. This finding suggests that
collisional effects are negligible in the strahl-driven oblique
FM/W instability, which is a representative example for a
resonant wave—particle instability in the solar wind.

Our predicted evolution of the electron VDF is consistent
with the observed formation of a proto-halo through strahl
scattering (Gurgiolo et al. 2012). However, further observations
are ambiguous regarding the exact source of the proto-halo
(Gurgiolo & Goldstein 2016). Future high-resolution electron
observations with Solar Orbiter and Parker Solar Probe at
different distances from the Sun may help us resolve these
ambiguities.

Our general quasi-linear diffusion model applies to all
nonrelativistic collisionless plasmas, such as planetary magne-
tospheres (e.g., Mourenas et al. 2015). It also applies to other
types of wave—particle instabilities in plasmas such as the
resonant instabilities driven by temperature anisotropy or by
relative drift. We especially note that our model is also capable
of describing ion-driven instabilities.

We appreciate helpful discussions with Georgios Nicolaou,
Konstantinos Horaites, and Jung Joon Seough. D.V. is
supported by the STFC Ernest Rutherford Fellowship ST/
P003826/1. D.V., R.T.W., and A.N.F. are supported by STFC
Consolidated Grant ST/S000240/1.

Appendix A
Numerical Analysis of the Quasi-linear Diffusion Equation

Equation (10) is a second-order differential equation that
includes cross-derivative operators such as 92/8v0v,. In order
to simultaneously evaluate the §?/8v|dv, operators with the
82/ dv and §2/0v} operators in Equation (10), we divide
velocity space into 2N, x 2N, steps with equal step sizes of
Av/2 by defining the outer boundaries of velocity space as
EV max and +V) max. The v index M and the v) index N both
step through 1, 3/2, 2, ..., N,, N, + 1/2. We define the discrete
velocity coordinates as vy = —V pax + (M — 1)Av  and

10
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VIN = —V|max + (N — 1)Av. We note that this definition
introduces negative v, values that, although they simplify
our numerical analysis, we ignore in our computational results.
We divide the time ¢ with equal step sizes of At and the f-index
T steps through 1, 2, 3,---. We define the discrete time as
tT = (T — 1)At. We then define the discrete VDF as
fﬁg’ N = fj(le, V|Ns tT). For the discretization of the velocity
derivatives, we adopt the two-point central difference operators
(Gilat & Subramaniam 2011)

T T T
Of; im, vin, 1) N uvion —Su-1on
Ay

Al
o (AL)

and

T T T
of; vims v, th) N Tunsi2 —Jun-12

A2
v Av (A2)

For the discretization of the time derivative, we adopt the
forward difference operator

T+1
M,N

8f,~ Vims Vns ) N —fATI,N
ot ~ At '

By using Equations (A1) and (A2), we discretize the right-hand
side of Equation (10) and express it as

T 00 k
(ﬁ) =5 [l - [l
L Y R —— wro + vzo(kj = kjo)
« LDZ{I/I+1/2,N [éf]TM+1/2,N - DI?/I—]/z,N[GAf]TM—I/Z,N
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(A3)

Vim
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+
wio + Veo(k) — ko)
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(A4)
where
A kv
(Gflyn =1 -
N wio + veo (k| — ko)
T T
y LfMJrl/Z,N _qu/z,N
Vim AV
T T
N ky Funir2 —fun-12 (AS)
wio + Vo (k) — Kjjo) Ay
and
Dlrl/lI,N = D‘;lle:VLM. (A6)

VIE VI

According to the Crank—Nicolson scheme (Iserles 2008), the
full discretization of Equation (10) in its time and velocity
derivatives is then given by

ﬁ(a_f)T+]
2 \ ot

At (ofY
AY,;+NI — Zf;“v + 7(5) (A7)

M,N M,N
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By using Equations (A4)—(A6) and resolving the ¢ functions in
Dyry1/on and Dy vy, through the ky integral, we rewrite
Equation (A7) as

o0
T+1 K N
M,+N - Z {EPI&,NDMH/LN

n=-—00
T+1 T+1y

x [PI{IHI/ZN(fMilN Jun A
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O _
Pyn = Yyl — veol , (A9)
[(wro = Kjoveo)vin — n8dveolvim
n wko—ko\/o—nQ'

QN = oVg J , (AIO)

(wWro — kjove0) vy — 180
Dyy =D} ln=v, (A11)

VI=ViN

and pr = At/(Av)?. Equation (A8) is a two- dimensional set of
algebraic equations, the solution of which, fM for all v, and

v| indexes describes the VDF at time T + 1 based on fM’ y for
all v and v indexes.

In order to transform Equation (AS8) into a single matrix
equation with a tridiagonal matrix, we introduce the concept of
a double matrix. On both sides of Equation (A8), we group the

Jeong et al.

terms by the same v, index in the VDF and rearrange these
groups in increasing order in their v; index. In each group, we
then rearrange terms in increasing order in the v index in the
VDF. Then, we have

*77(#)(1) AZtllN - f(#)g\%[),zv AT/;JEII/Z,Nfl/Z
+ §(H)S\I4)N AT;:II/Z N+1/2
— aWPy I+ almnfhE
— a(wiiy ;5,;;1“ + £y ]Z[ill/z N—1/2
— é(u)‘f},N [Z]-:—ll/Z,N+l/2 77(1“)(2) AZﬂN
= - n(—u)(A?,Nfﬁﬁ_,,N
- &(= N)(Z)Nfz\il/z,zvq/z
+&(— M)(I)Nfg\i]/z,zvﬂ/z
)(2),\,]‘15’1\,71 + OZ(—M)M,NfIQN
- a(_M)MNfAT[,N-H

+ &= /‘)(4) fA7/;+1/2,N71/2

—a(—p

- 5(_/1')531),an7/;+1/2’1\/+1/2 - 77(_/1*)5!24),Nf/5+1’1\/’ (Alz)
where
a(Wuy =1+ £ > Py NPY 2N
X 5M+1/2,N + (Pﬁ,zvpzrtffq/z,zv)ﬁMq/z,N
+ (er\l/+1/z)25AH4,N+1/2 + (Qﬁfl/z)zﬁx;,zvfl/z], (A13)
o0
(i y zg S Q112 Dhyir ol (Al4)
l,[/ _OO
a(wiy = 7. 2 [(Q—1/2)* Dy n-12). (A15)
EWy = % S (PN O Dy 1 oy
+ (Piiva1208 1,2 Digvi1 2], (A16)
f(#)ﬁ)N = /; (P} NQN)DM 1/2,N
+ (Pyn-1,2 Q1’\1'—1/2)5M,N—1/2]? (A17)
Gty =5 30 (PhwQI Dl o
+ (Py N+1/2QN+1/2)5JCI N+1/2]5 (A18)
S(M)S“})N = £ [(PA'Z,NQﬁ)BJAr;H/z,N
+ (Pyn-1,2 Qz'\'ul/z)ﬁzw,zvfl/zL (A19)
Ny = % S UPYNPY 1 o) Dy 1 jon], (A20)
and
@, =£ S 1P ) A21
Wiy = 2 Z [(PynP +1/2N) M+1/2N] ( )
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All terms on both sides of Equation (A12) with a constant v, index account for variations in v} space only. Therefore, they can be
grouped into a single system of one-dimensional algebraic equations.

We transform all terms with the v, index M on both sides of Equation (A12) into the tridiagonal matrices [A (1 )] [F;,“] and
- o Fo, o 11 an, (T represents the transpose of a matrix), and

[A(=u] [Fy). where Fy = [fyy 1 s faro

(W1 0 —a(why,
0 a(m3/2 0
_ @, 0
Ao = a(fL)yy . a()m,2
0 0
0

0
-« (#)M 3/2
0
—a (u)(z)
0

0
0

— (),

0

2
—a(ﬂ)gw),zvvﬂ/z

a(pm,n,

0

0

a(M)M,M,+1/2

J2N, x 2N,

(A22)

We transform all terms with the v, index M — 1/2 on both sides of Equation (A12) into the tridiagonal matrices [B (u)(l)][ T+11 /2]

and [B(— )/ 1[Fj;_ /»], where

0

—EWPs 2
B(u)y) =

EG
0

0
€732

—& (,U/)St%l),Nv
0

0
_5(/‘)5124),1\1‘&1/2

€(u)(”
0

12N, x 2N,

(A23)

We transform all terms with the v, index M + 1/2 on both sides of Equation (A12) into the tridiagonal matrices [B (u)g\?] [F, ATﬁ_ll /2]

and [B(— )7 1[Fj;, 1 /2], where

0
€2
By =
0

—E(W,
0

0
—f(M)M 3/2

§ (M)(4)
0

0
5(/‘)(1414),1\1\,+1/2

—£ (u)@
0

12N, x 2N,

(A24)

We transform all terms with the v, index M — 1 on both sides of Equation (A12) into the tridiagonal matrices [C (,LL)SJ,)][ T“] and

[C (=) 1[Fyy_ ], where

=iy

Cy =

Lastly, we transform all terms with the v, index M + 1 on both sides of Equation (A12) into the tridiagonal matrices [C (u)(z)] [F,

and [C(—p)P1[Fiy. (], where

0

0

—n(w§7,
0
C(w§ = ,
0

0

—W(N)M3/2

0 - 77(/‘)(1114),N‘,+ 172

0

*U(M)Ms/z

0 _77(#)5124),Nv+1/2

2N, % 2N,

2N, % 2N,

This strategy allows us to express Equation (A12) as a single system of one-dimensional algebraic equations:

T+1

T+1
Fuiipl +

+ [CSPFL

[CSFy 1 + B FG Y o1 + [AGw] (Fy 1 + B GIIF,
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12

(A25)
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M+1

(A26)

(A27)
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Equation (A27) only describes the VDF evolution in v, space. However, each matrix term itself includes the VDF evolution in v
space. We transform Equation (A27) into a single tridiagonal matrix:

[ F1T+l ] [ FIT T
Fib! Fip
E(m)qup| FI+! = E(=mwaqwo| Ff , (A28)
T+1 T
_FM,+1/2_(2NV)2X1 _FN»*“/Z_(zNV)le
where
A BwP CP 0 0
BwS), Awspn B, C, 0
cw BwW® A B(w)® C(w)? 0
EGoqu = | €02 (/:1)2 (12 (.l'ﬁ)z % | , (A29)
0 0 CcwY  BWY Ay B
1 1
| 0 0 0 CNiiyp BUN i AWnsirz]y, o o

Equation (A28) is in the form of a double matrix, and E (¢)qrp in Equation (A29) defines the evolution matrix. The inner matrices of
E(u)qLp evolve fﬂg,  in vy space while the outer matrices of £ (u)qLp evolve fﬁg’  in v space during each time step. By multiplying
Equation (A28) with the inverse of E(11)qup on both sides, Equation (A28) provides the time evolution of fﬁ , in one time step

simultaneously in the v, and v spaces. Therefore, it represents the numerical solution of Equation (10), which describes the quasi-
linear diffusion of a VDF through all resonances.

Appendix B
Numerical Analysis of the Fokker—Planck Equation

In this appendix, we present our numerical strategy to solve the Fokker—Planck equation for Coulomb collisions in Equation (40).
Using the Crank—Nicolson scheme presented in Appendix A, we discretize Equation (40) as

F. m;
T+1 Jjb 2, T+1 L [ eT+1 _ fT+1 _ fT+1
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b

8y

2

18y
2

T+1 T+1 T+1 T+1 T+1 T+1 T+1
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F‘b nm;

T J! ] T 1 T T T

:fM,N + Z B [477(Av)2u—mbf,,(le, VHN)fM,N + Mgl‘i‘/l,N(fM+l/2,N+l/2 _fM—l/Z,N+l/2 _fM+l/2,N—1/2
b

11
Hg, HE,
T M.,N . T T T M.N . T T T
+fM—1/2,N71/2) + ) (fM+1,N - 2fM,N JrfM—l,N) + ) (fM,N+1 - 2fM,N +fM,N—1)
+ (AV) gy N (T -1 )+ (Av) phl, (T —f ) (B1)
My NI 1728 M—1/2,N My NI Nt 172 MN—1727 |

where g,;f\, = 0% /ovt, gMN = 82g/6'vH2, gL{Nzazg/avHé)vL, hyjy = Oh/Ov, and h,U,LN = Oh/Ov|, estimated at v = vy
and v = v|y.
Equation (B1) represents a system of two-dimensional algebraic equations. Therefore, we transform Equation (B1) into a single

tridiagonal matrix using the same strategy for a double matrix as presented in Appendix A.

[ FT+ F
FI3! Fip
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where
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(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(B10)

(B11)

(B12)

Like Equation (A28), Equation (B2) provides the time evolution of fA?N in one time step simultaneously in the v, and v spaces.
Therefore, it represents the numerical solution of Equation (40), which describes the action of Coulomb collisions of particles in f;

with particles in f;,.

14
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